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1. Introduction
Contact metric structures have been intensively studied by several authors. The recent monograph of Blair [4] gives a
wide and detailed overview of the results obtained in this framework. Contact pseudo-metric structures (η, g), where η
is a contact one-form and g a pseudo-Riemannian metric associated to it, are a natural generalization of contact metric
structures. The relevance for physics of contact pseudo-Riemannian structures was pointed out in [11]. Contact struc-
tures equipped with pseudo-Riemannian metrics were ﬁrst introduced and studied by Takahashi [22], who focused on
the Sasakian case. Since then, up to our knowledge, most of the research devoted to the topic was concerned with Sasakian
pseudo-Riemannian metrics (see for instance [11] and [1]). In particular, Sasakian pseudo-Riemannian metrics of signature
(3,4r) naturally appear in the description of Sasakian 3-structures on the principal SO(3)-bundle P (M) over a quaternionic
Kähler (not hyper-Kähler) manifold (M, g) of dimension 4r  4 with negative scalar curvature [13,24].
On the other hand, a systematic study of general contact pseudo-metric manifolds has not been undertaken yet. The aim
of this paper is to start this study. We shall provide the technical apparatus needed for further investigations, prove some
general classiﬁcation results and exhibit several explicit examples.
The paper is organized in the following way. In Section 2 we will prove some basic formulae for contact pseudo-metric
manifolds. In particular, the Blair’s result (Theorem A of [3]) that K -contact Riemannian manifolds of dimension 2n + 1
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616 G. Calvaruso, D. Perrone / Differential Geometry and its Applications 28 (2010) 615–634are characterized by the Ricci curvature condition (ξ, ξ) = 2n, does not hold for general contact pseudo-metric structures
(cf. Example 2.8). In Section 3 we shall describe general D-homothetic deformations and other deformations of a contact
pseudo-metric structure. The classiﬁcation of contact pseudo-metric manifolds of constant sectional curvature, in dimension
 5, will be given in Section 4. We shall prove that in such dimensions, the value of the constant sectional curvature is
determined by the casual character of the Reeb vector ﬁeld ξ . In particular, there are not ﬂat contact pseudo-metric mani-
folds of dimension  5. In Section 5 we shall classify three-dimensional locally symmetric contact pseudo-metric manifolds
and three-dimensional homogeneous contact Lorentzian manifolds. In particular, we will show that the three-sphere group
SU(2) is the only simply connected three-manifold which admits a homogeneous contact Lorentzian metric with scalar cur-
vature rL > 2(1+ ‖τ‖2√2 )2, where ‖τ‖ is the torsion invariant introduced by Chern and Hamilton in [10]; and the Lie group
E(1,1) is the only simply connected three-manifold admitting a ﬂat homogeneous contact Lorentzian metric.
2. Basic formulae
An almost contact structure on a (2n+1)-dimensional smooth manifold M is a triplet (ϕ, ξ,η), where ϕ is a (1,1)-tensor,
ξ a global vector ﬁeld and η a 1-form, such that
(i) ϕ(ξ) = 0, η ◦ ϕ = 0,
(ii) η(ξ) = 1, ϕ2 = −Id+ η ⊗ ξ (2.1)
and ϕ has rank 2n. A pseudo-Riemannian metric g on M is said to be compatible with the almost contact structure (ϕ, ξ,η)
if
g(ϕX,ϕY ) = g(X, Y ) − εη(X)η(Y ), (2.2)
where ε = ±1. A smooth manifold M , equipped with an almost contact structure (ϕ, ξ,η) and a compatible pseudo-
Riemannian metric g , will be called an almost contact pseudo-metric manifold.
Remark that, by (2.1) and (2.2), η(X) = εg(ξ, X) for any compatible metric. In particular, g(ξ, ξ) = ε and so, the char-
acteristic vector ﬁeld ξ is either space-like or time-like, but cannot be light-like. Moreover, (2.2) implies that g(ϕX, Y ) =
−g(X,ϕY ). Throughout the paper, if not stated otherwise, we implicitly assume the notation g(ξ, ξ) = ε.
Let now M2n+1 be an almost contact pseudo-metric manifold, endowed with an almost contact structure (ϕ, ξ,η) and a
compatible pseudo-Riemannian metric g . Following the argument exposed in Chapter 6 of [4], we consider M2n+1 ×R and,
denoting by (X, f ddt ) an arbitrary vector ﬁeld on such manifold, the almost complex structure deﬁned by
J
(
X, f
d
dt
)
=
(
ϕX − f ξ,η(X) d
dt
)
.
The almost contact structure (ϕ, ξ,η) is said to be normal if and only if the almost complex structure J is integrable.
Necessary and suﬃcient condition for integrability of J is the vanishing of its Nijenhuis tensor
[ J , J ]((X,0), (Y ,0))= −([X, Y ],0)+ [(ϕX, η(X) d
dt
)
,
(
ϕY , η(Y )
d
dt
)]
− J
[(
ϕX, η(X)
d
dt
)
, (Y ,0)
]
− J
[
(X,0),
(
ϕY , η(Y )
d
dt
)]
,
[ J , J ]
(
(X,0),
(
0,
d
dt
))
=
[(
ϕX, η(X)
d
dt
)
, (−ξ,0)
]
− J
[(
ϕX, η(X)
d
dt
)
,
(
0,
d
dt
)]
− J[(X,0), (−ξ,0)],
which, expressed in terms of the Nijenhuis tensor of ϕ , gives
[ J , J ]((X,0), (Y ,0))= (N(1)(X, Y ),N(2)(X, Y )), [ J , J ]((X,0),(0, d
dt
))
= (N(3)(X),N(4)(X)),
where
N(1) = [ϕ,ϕ] + 2dη ⊗ ξ, N(2)(X, Y ) = (LϕXη)Y − (LϕYη)X, N(3) = Lξϕ, N(4) = Lξ η.
Moreover, the vanishing of N(1) implies N(2) = N(3) = N(4) = 0 [20,21]. Thus, N(1) = 0 is a necessary and suﬃcient condition
for the integrability of J . Next, we prove the following.
Lemma 2.1. Let (ϕ, ξ,η) be an almost contact structure and g a compatible pseudo-Riemannian metric (that is, one satisfying (2.2))
on M2n+1 . Then,
2g
(
(∇Xϕ)Y , Z
)= 3dΦ(X,ϕY ,ϕ Z) − 3dΦ(X, Y , Z) + g(N(1)(Y , Z),ϕX)
+ εN(2)(Y , Z)η(X) + 2ε dη(ϕY , X)η(Z) − 2ε dη(ϕ Z , X)η(Y ),
for all tangent vector ﬁelds X, Y , Z , where we put Φ(X, Y ) = g(X,ϕY ).
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2g
(
(∇Xϕ)Y , Z
)= Xg(Y , Z) + Y g(X, Z) − Zg(X, Y ) + g([X, Y ], Z)− g([Y , Z ], X)+ g([Z , X], Y )
and using the fact that, by (2.2), g(X, Y ) = Φ(ϕX, Y ) + εη(X)η(Y ), the conclusion follows by a direct calculation. 
Next, if the compatible pseudo-Riemannian metric g satisﬁes
g(X,ϕY ) = (dη)(X, Y ), (2.3)
then η is a contact form on M , ξ the associated Reeb vector ﬁeld, g an associated metric, and (M, η, g) (or (M,ϕ, ξ,η, g)) is
called a contact pseudo-metric (or pseudo-Riemannian)manifold.
Suppose from now on that (M2n+1, η, g) is a contact pseudo-metric manifold. We denote by ∇ the Levi-Civita connection
of M . Taking into account (2.1) and (2.3), we have (dη)(ξ, X) = −g(X,ϕξ) = 0 and so, denoting by L the Lie derivative,
N(4) = Lξ η = d ◦ iξ η + iξ dη = dη(ξ) + (dη)(ξ, ·) = 0.
On the other hand, since η(X) = εg(ξ, X), from Lξ η = 0 we get
0 = ε(Lξ η)X = ξ g(ξ, X) − g
(
ξ, [ξ, X])= g(∇ξ ξ, X),
for any vector ﬁeld X . Therefore, ∇ξ ξ = 0, that is, the integral curves of ξ are geodesic. Moreover, using (2.3), we get
(LϕXη)Y = (ϕX)
(
η(Y )
)− η[ϕX, Y ] = (ϕX)η(Y ) − Yη(ϕX) − η[ϕX, Y ] = 2(dη)(ϕX, Y ) = 2g(ϕX,ϕY )
and so, N(2)(X, Y ) = 2(dη)(ϕX, Y )−2(dη)(ϕY , X) = 0. Moreover, (2.3) yields at once dΦ = 0. Hence, Lemma 2.1 implies the
following.
Corollary 2.2. In a contact pseudo-metric manifold (M2n+1,ϕ, ξ,η, g),
2g
(
(∇Xϕ)Y , Z
)= g(N(1)(Y , Z),ϕX)+ 2ε dη(ϕY , X)η(Z) − 2ε dη(ϕ Z , X)η(Y ). (2.4)
Next, we remark that on a contact pseudo-metric manifold, N(3) = 0 if and only if ξ is a Killing vector ﬁeld. In fact, taking
into account (2.3), from Lξ η = 0 we get
0 = (Lξ dη)(X, Y ) = ξ
(
dη(X, Y )
)− dη([ξ, X], Y )− dη(X, [ξ, Y ])= (Lξ g)(X,ϕY ) + g(X, (Lξϕ)Y )
and so, Lξ g = 0 if and only if Lξϕ = 0. This leads to introduce the tensor
h = 1
2
Lξϕ = 1
2
N(3), (2.5)
which plays an important role in describing the geometry of a contact pseudo-metric manifold. Moreover, using (2.4), the
following properties of the covariant derivative can be proved by direct calculation:
∇ξϕ = 0, (2.6)
∇Xξ = −εϕX − ϕhX . (2.7)
Exactly as in the Riemannian case, using (2.6) and (2.7), one can easily prove that h is self-adjoint, hϕ = −ϕh and hξ =
trh = 0. Moreover, putting τ = Lξ g , one has
τ (X, Y ) = 2g(X,hϕY ).
Next, a standard orthonormalization process shows that any (almost) contact pseudo-metric manifold (M2n+1, η, g) admits
a special kind of local pseudo-orthonormal basis, called a ϕ-basis. Such a basis is of the form {ξ, e1, . . . , en,ϕe1, . . . , ϕen},
where, by (2.2), if ei is a space-like (respectively, time-like) vector ﬁeld, then ϕei is again space-like (respectively, time-like).
In particular, a pseudo-Riemannian metric compatible with an almost contact structure is either of signature (2p + 1,2n −
2p) or of signature (2p,2n − 2p + 1), according to whether ξ is space-like or time-like. We now prove the following.
Lemma 2.3. In a contact pseudo-metric manifold (M2n+1,ϕ, ξ,η, g),
div ξ = 0, divη = 0.
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using (2.1) and (2.7) we have
div ξ = tr∇ξ =
n∑
i=1
εi g(∇ei ξ, ei) +
n∑
i=1
εi g(∇ϕei ξ,ϕei)
= −
n∑
i=1
εi g(ϕhei, ei) −
n∑
i=1
εi g(ϕhϕei,ϕei) = −
n∑
i=1
εi g(ϕhei, ei) +
n∑
i=1
εi g(ϕhei, ei) = 0.
Moreover, we also obtain divη = − tr∇η = −ε div ξ = 0. 
We recall the following.
Deﬁnition 2.4. A contact pseudo-metric manifold (M, η, g) is said to be
(i) Sasakian if it is normal, that is, [ϕ,ϕ] + 2dη ⊗ ξ = 0.
(ii) K -contact if h = 0, that is, equivalently, ξ is a Killing vector ﬁeld.
Example 2.5 (Sasakian manifolds of constant sectional curvature). Consider the pseudo-Euclidean space R2n+22s with the indeﬁ-
nite standard Kähler structure. The pseudo-sphere
S
2n+1
2s (1) =
{
x ∈ R2n+22s : g(x, x) = 1
}
and the pseudo-hyperbolic space
H
2n+1
2s−1 (−1) =
{
x ∈ R2n+22s : g(x, x) = −1
}
,
are hyperquadrics of R2n+22s , both of dimension (2n + 1), of index 2s and (2s − 1) and of constant sectional curvature 1
and −1 respectively. They have a canonical structure of Sasakian pseudo-metric manifolds, with characteristic vector ﬁeld
space-like and time-like respectively [22]. As proved in [1], any Sasakian connected real hypersurface of R2n+22s is an open
set either of S2n+12s (1) or of H
2n+1
2s−1 (−1).
It is well known (see for example p. 110 of [14]) that S2n+12s is diffeomorphic to R2s × S2n+1−2s and so, is simply
connected if and only if s 	= n. With regard to H2n+12s−1 , it is diffeomorphic to S2s−1 × R2n−2s+2. Hence, it is simply connected
if and only if s 	= 1.
We now prove the following characterization (see also [1]).
Theorem 2.6. An almost contact pseudo-metric manifold (M2n+1,ϕ, ξ,η, g) is Sasakian if and only if
(∇Xϕ)Y = g(X, Y )ξ − εη(Y )X . (2.8)
Proof. Suppose ﬁrst that M is Sasakian. Then, N(1) = 0. Taking into account (2.1) and (2.3), from Corollary 2.2 we have
2g
(
(∇Xϕ)Y , Z
)= 2ε dη(ϕY , X)η(Z) − 2ε dη(ϕ Z , X)η(Y )
= 2g(g(ϕY ,ϕX)ξ, Z)− 2g(g(ϕ Z ,ϕX)ξ, Y )
= 2g(g(X, Y )ξ − εη(Y )X, Z),
which proves (2.8). Conversely, if (2.8) holds, taking Y = ξ in (2.8) we get ∇Xϕξ −ϕ∇Xξ = −εϕX . Applying ϕ to both sides,
we ﬁnd ∇Xξ = −εϕX and so,
2(dη)(X, Y ) = εg(∇Xξ, Y ) − εg(∇Y ξ, X) = −g(ϕX, Y ) + g(ϕY , X) = 2g(X,ϕY ).
Therefore, dη has rank 2n and (ϕ, ξ,η, g) is a contact pseudo-metric structure. Moreover, comparing equation above with
(2.7) we have at once ϕh = 0 and so, h = 0. Finally, we now have
[ϕ,ϕ](X, Y ) = ϕ2[X, Y ] + [ϕX,ϕY ] − ϕ[ϕX, Y ] − ϕ[X,ϕY ]
= ϕ(ϕ∇X Y − ϕ∇Y X) + ∇ϕXϕY − ∇ϕYϕX − ϕ∇ϕX Y + ϕ∇YϕX − ϕ∇XϕY + ϕ∇ϕY X
= −ϕ{g(X, Y )ξ − εη(Y )X}+ ϕ{g(Y , X)ξ − εη(X)Y }
+ g(ϕX, Y )ξ − εη(Y )ϕX − g(ϕY , X)ξ + εη(X)ϕY
= 2g(ϕX, Y )ξ = −2(dη)(X, Y )ξ,
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In particular, taking Y = ξ in (2.8), we easily prove the following.
Corollary 2.7. A Sasakian pseudo-metric manifold is K -contact.
The converse in Corollary 2.7 does not hold in general, but we will prove that it holds in dimension three (see Theo-
rem 3.8).
We now investigate some curvature properties of a contact pseudo-metric manifold (M2n+1, η, g). We denote by R its
curvature tensor of M , taken with the sign convention R(X, Y ) = ∇[X,Y ] − [∇X ,∇Y ] (note that this convention is opposite to
the one used in [4]). Using (2.7) and ∇ξϕ = 0, we have
R(X, ξ)ξ = ∇ξ (−εϕX − ϕhX)− εϕ[X, ξ ] − ϕh[X, ξ ] = −ϕ
(
(∇ξh)(X)
)− εϕ∇Xξ − ϕh∇Xξ
= −ϕ((∇ξh)(X))+ ϕ2X + h2X,
that is,
	 := R(·, ξ)ξ = −ϕ(∇ξh)+ ϕ2 + h2. (2.9)
Next, applying ϕ to (2.9), we easily get
ϕ	X = (∇ξh)X − ϕX + h2ϕX,
which also implies
ϕ	ϕX = ((∇ξh)ϕ)X − ϕ2X − h2X .
So, we proved
	 − ϕ	ϕ = 2(ϕ2 + h2). (2.10)
Consider now a (local) ϕ-basis {ξ, E1, . . . , E2n} = {ξ, e1, . . . , en,ϕe1, . . . , ϕen} of vector ﬁelds on M . For any index i =
1, . . . ,2n, {ξ, Ei} spans a non-degenerate plane on the tangent space at each point where the basis is deﬁned. The sec-
tional curvature of these planes is given by
K (ξ, ei) = εεi R(ξ, ei, ξ, ei) = −εεi g(	ei, ei),
K (ξ,ϕei) = εεi R(ξ,ϕei, ξ,ϕei) = −εεi g(	ϕei,ϕei) = εεi g(ϕ	ϕei, ei),
where εi = g(ei, ei) = g(ϕei,ϕei) = ±1 for all indices i = 1, . . . ,n. Thus, by (2.10) we get
K (ξ, ei) + K (ξ,ϕei) = 2ε
[
1− εi g
(
h2ei, ei
)]
and so, for the Ricci curvature (ξ, ξ) := tr R(ξ, ·)ξ in the direction of ξ , we ﬁnd
(ξ, ξ) = ε
n∑
i=1
(
K (ξ, ei) + K (ξ,ϕei)
)= 2n − trh2. (2.11)
It is worthwhile to remark here a difference between the Riemannian case and the general pseudo-Riemannian one. In
fact, in both cases, trh2 = 0 implies (ξ, ξ) = 2n. Moreover, it is well known that K -contact Riemannian manifolds are
characterized by the condition (ξ, ξ) = 2n, since it implies trh2 = 0 and so, h = 0 because h is diagonalizable (Theorem A
of [3]). We shall prove in Proposition 4.7 that for any contact pseudo-metric manifold (M2n+1, η, g), h2 = 0 implies h = 0.
On the other hand, there exist contact pseudo-metric manifolds for which trh2 = 0 but h 	= 0, as we show in the following.
Example 2.8 (Contact pseudo-metric manifolds with (ξ, ξ) = 2n and ξ not Killing). For any k  2, we consider a (4k + 1)-
dimensional Lie group G , whose Lie algebra g admits a basis {e0, e1, . . . , e2k, v1, . . . , v2k}, such that
[e0, e2i−1] = [e0, e2i] = −e2i, [e0, v2i−1] = −[e0, v2i] = v2i−1, i = 1, . . . ,k,
[e2i−1, v2i−1] = 2e0, [e2i, v2i] = −2e0, i = 1, . . . ,k,
[er, es] = [vr, vs] = [er, vs] = 0, r 	= s = 1, . . . ,2k. (2.12)
We equip g with the pseudo-Riemannian left-invariant metric g , for which {e0, ei, vi} is a pseudo-orthonormal basis and
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g(e2i−1, e2i−1) = g(v2i−1, v2i−1) = 1, i = 1, . . . ,2k,
g(e2i, e2i) = g(v2i, v2i) = −1, i = 1, . . . ,2k. (2.13)
We now deﬁne the left-invariant tensors ϕ , ξ and η on G , putting
ξ = e0, η(X) = εg(ξ, X), ϕer = vr, ϕvr = −er, r = 1, . . . ,2k. (2.14)
It is easily seen that the left-invariant pseudo-Riemannian metric g described by (2.13) and the tensors described by (2.14)
deﬁne a left-invariant contact pseudo-metric structure (ϕ, ξ,η, g) on G . We then use (2.12) and (2.14) to calculate 2h = Lξϕ .
A straightforward calculation gives
2he2i−1 = v2i−1 + v2i, 2he2i = −v2i−1 + v2i,
2hv2i−1 = e2i−1 + e2i, 2hv2i = −e2i−1 + e2i, (2.15)
for all indices i = 1, . . . ,k. Note that (2.15) clearly yields h 	= 0. However, with regard to h2, from (2.15) we get at once
2h2e2i−1 = e2i, 2h2e2i = −e2i−1,
2h2v2i−1 = v2i, 2h2v2i = −v2i−1,
which, taking into account (2.13), easily implies trh2 = 0 even if h 	= 0. Thus, by (2.11), (ξ, ξ) = 2n = 4k. However, ξ is
not a Killing vector ﬁeld. This phenomenon has not a Riemannian counterpart and is related to the fact that her , hvr are
light-like vectors, for all r = 1, . . . ,2k, as follows from (2.13) and (2.15).
3. Deformations of contact pseudo-metric structures
Starting from a given contact pseudo-metric manifold (M, η, g), we consider different kinds of deformations of
(ϕ, ξ,η, g), which permit to ﬁnd new and interesting examples of contact pseudo-metric structures. We shall investigate
how geometric properties of (ϕ, ξ,η, g) change under such deformations.
3.1. Reversing the contact pseudo-metric structure
Let (ϕ, ξ,η, g) be an almost contact pseudo-metric structure on a smooth manifold M2n+1. Then, tensors
ηˆ = −η, ξˆ = −ξ, ϕˆ = ϕ, gˆ = −g (3.1)
deﬁne another almost contact pseudo-metric structure on M2n+1. In the special case when η is a contact form and g is
associated to (ϕ, ξ,η), the metric −g is associated to (ϕ,−ξ,−η) (and conversely). Since the replacement of a pseudo-
Riemannian metric g by −g is called “reversing the metric” [14], we call the deformation of (ϕ, ξ,η, g) described in (3.1)
reversing the contact pseudo-metric structure. Notice that gˆ(ξˆ , ξˆ ) = −ε.
It is easy to check that contact pseudo-metric structures (ϕ, ξ,η, g) and (ϕˆ, ξˆ , ηˆ, gˆ) have the same geometric properties:
the former is K -contact, Sasakian, locally symmetric, of constant sectional curvature, etc., if and only if so is the latter. Thus,
one essentially can reduce the study of (ϕˆ, ξˆ , ηˆ, gˆ) to the one of (ϕ, ξ,η, g). For this reason, deformation (3.1) was used by
Takahashi [22] to restrict the study of Sasakian pseudo-metric manifolds to the case when the characteristic vector ﬁeld ξ is
space-like. For example, reversing the standard Sasakian pseudo-metric structure of H2n+12s−1 (−1), we get a Sasakian pseudo-
metric structure of constant sectional curvature 1, which identiﬁes with the standard Sasakian pseudo-metric structure of
S
2n+1
2(n−s+1)(1) [22].
However, as already pointed out in [11], there are some cases when the choice of a time-like Reeb vector ﬁeld is the
most natural. For example, if (M, η, g) is a contact space–time, taking a time-like Reeb vector ﬁeld ξ , we have that the
restriction of the Lorentzian metric g on Kerη is space-like, that is, Riemannian.
3.2. D-homothetic deformations
Let (M2n+1, η, g) be a contact pseudo-metric manifold, with g(ξ, ξ) = ε. Then, it is easy to check that, for any real
constant t 	= 0, tensors
η˜ = tη, ξ˜ = 1
t
ξ, ϕ˜ = ϕ, g˜ = tg + εt(t − 1)η ⊗ η (3.2)
describe another contact pseudo-metric structure on M2n+1, having the same contact distribution Ker η˜ = Kerη, which
we call a D-homothetic deformation of (ϕ, ξ,η, g). Clearly, (3.2) is the natural pseudo-Riemannian generalization of D-
homothetic deformations of a contact Riemannian structure, where one has g(ξ, ξ) = 1 and needs to assume t > 0 so
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deformations preserve the causal character of the Reeb vector ﬁeld.
We ﬁrst calculate the Levi-Civita connection ∇˜ of g˜ in terms of g . By (3.2), the pseudo-Riemannian metric
g′ = 1
t
g˜ = g + ε(t − 1)η ⊗ η (3.3)
is homothetic to g˜ . Therefore, ∇˜ = ∇′ and R ′ = R . Using (3.3) and the Koszul formula, a long but straightforward calculation
gives
g′
(∇′X Y , Z)= g(∇X Y , Z) + ε(t − 1){η(Z)X(η(Y ))− η(Z)g(X,ϕY ) − η(X)g(ϕY , Z) − η(Y )g(ϕX, Z)},
from which, again taking into account (3.3), we have
∇˜X Y = ∇′X Y = ∇X Y −
t − 1
t
η(∇X Y )ξ + t − 1
t
{
X
(
η(Y )
)− g(X,ϕY )}ξ
− ε(t − 1){η(X)ϕY + η(Y )ϕX}. (3.4)
Note that using η(X) = εg(X, ξ) and (2.7), we can rewrite (3.4) as follows:
∇˜X Y = ∇′X Y = ∇X Y + ε
t − 1
t
g(hX,ϕY )ξ − ε(t − 1){η(X)ϕY + η(Y )ϕX}. (3.5)
We now prove the following.
Theorem 3.1. A D-homothetic deformation of a K -contact (respectively, Sasakian) pseudo-metric structure is again K -contact (re-
spectively, Sasakian).
Proof. By (3.2), h˜ = 12 Lξ˜ ϕ˜ = 12t Lξϕ = 1t h. Thus, h˜ = 0 if and only if h = 0, that is, (η, g) is K -contact if and only if (η˜, g˜) is
K -contact.
Next, Theorem 2.6 implies at once that a contact pseudo-metric structure (ϕ, ξ,η, g) is Sasakian if and only if S(X, Y ) = 0
for all tangent vector ﬁelds X, Y , where S is the tensor of type (1,2) deﬁned by
S(X, Y ) := (∇Xϕ)Y −
(
g(X, Y )ξ − εη(Y )X).
Since (∇˜Xϕ)Y = ∇˜XϕY − ϕ(∇˜X Y ), by (3.5) we get
(∇˜Xϕ)Y = (∇Xϕ)Y + ε t − 1
t
g
(
hX,ϕ2Y
)
ξ + ε(t − 1)η(Y )ϕ2X .
Then,
(∇˜Xϕ)Y = S(X, Y ) + g(X, Y )ξ − εη(Y )X + ε t − 1
t
g
(
hX,ϕ2Y
)
ξ + ε(t − 1)η(Y )ϕ2X
= S(X, Y ) + (tg(X, Y ) + εt(t − 1)η(X)η(Y ))ξ˜ − εη˜(Y )X + ε t − 1
t
g
(
hX,ϕ2Y
)
ξ
and so,
S˜(X, Y ) = S(X, Y ) + ε(t − 1)g(hX,ϕ2Y )ξ˜ . (3.6)
If (η, g) is Sasakian, then S = 0 and, being K -contact, h = 0. Therefore, (3.6) gives S˜ = 0, that is, (η˜, g˜) is Sasakian. Con-
versely, if (η˜, g˜) is Sasakian, then S˜ = 0 and h = th˜ = 0. Hence, by (3.6), S = 0, that is, (η, g) is Sasakian. 
We now turn our attention to the curvature of g˜ . We start with the following.
Proposition 3.2. Let (M,ϕ, ξ,η, g) be a contact pseudo-metric manifold and (ϕ˜, ξ˜ , η˜, g˜) the D-homothetic deformation described
by (3.2). Then, for all X, Y , Z ∈ Kerη = Ker η˜:
	˜X = 1
t2
{
	X + (t2 − 1)ϕ2X − 2ε(t − 1)hX}, (3.7)
R˜(X, Y )Z = R(X, Y )Z − t − 1
t
{
η
(
R(X, Y )Z
)+ g(X, (∇Yϕ)Z)− g(Y , (∇Xϕ)Z)}ξ
+ t − 1
t
{
g(X,ϕ Z)(εtϕY + ϕhY ) − g(Y ,ϕ Z)(εtϕX + ϕhX)}
− ε(t − 1)η[X, Y ]ϕ Z + t − 1
t
{
η(∇X Z)ϕhY − η(∇Y Z)ϕhX
}
. (3.8)
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(2.9) to express ∇ξh in terms of 	. Eq. (3.8) follows from (3.4) by a long but straightforward calculation, using the fact that,
because of (3.2), g˜(X, Y ) = tg(X, Y ) for all X, Y ∈ Kerη. 
Let (M,ϕ, ξ,η, g) be a contact pseudo-metric manifold. Since g(ξ, ξ) = ε = ±1, the tangent planes spanned by {ξ, X}
and {X,ϕX} are nondegenerate for any vector ﬁeld X ∈ Kerη which is either space-like or time-like. This leads to the
following.
Deﬁnition 3.3. Let (M,ϕ, ξ,η, g) be a contact pseudo-metric manifold and X ∈Kerη, either space-like or time-like. We put
K (ξ, X) = R(X, ξ, X, ξ)
εg(X, X)
= − g(	X, X)
εg(X, X)
and K (X,ϕX) = R(X,ϕX, X,ϕX)
g(X, X)2
.
We call K (ξ, X) the ξ -sectional curvature determined by X , and K (X,ϕX) the ϕ-sectional curvature determined by X .
Theorem 3.4. Let (M2n+1,ϕ, ξ,η, g) be a contact pseudo-metric manifold and (ϕ˜, ξ˜ , η˜, g˜) the D-homothetic deformation described
by (3.2). Then, for all X ∈ Kerη = Ker η˜, either space-like or time-like,
K˜ (ξ˜ , X) = 1
t2
K (ξ, X) + ε t
2 − 1
t2
+ 2 t − 1
t2
g(hX, X)
g(X, X)
, (3.9)
K˜ (X,ϕX) = 1
t
K (X,ϕX) − 3ε t − 1
t
− ε t − 1
t2
g(hX, X)2 + g(ϕhX, X)2
g(X, X)2
. (3.10)
Moreover, the Ricci tensors and scalar curvatures satisfy
˜ =  − 2ε(t − 1)g + 2(t − 1)(nt + n + 1)η ⊗ η + t − 1
t
g
(
ε(∇ξh)ϕ + 2h, ·
)
, (3.11)
r˜ = 1
t
r − ε t − 1
t
(ξ, ξ) − 2nε (t − 1)
2
t2
. (3.12)
Proof. Eqs. (3.9) and (3.10) easily follow from Proposition 3.2 and Eq. (3.2). In order to obtain Eq. (3.11), we ﬁrst prove the
following
˜(ξ˜ , ξ˜ ) = 1
t2
(ξ, ξ) + 2nt
2 − 1
t2
, (3.13)
˜(ξ˜ , Y ) = 1
t
(ξ, Y ), (3.14)
˜(X, Y ) = (X, Y ) + ε t − 1
t
g(	X, Y ) + ε (t − 1)(1− 2t)
t
g(X, Y ) + 2 t − 1
t
g(hX, Y ) − ε t − 1
t
g
(
h2X, Y
)
, (3.15)
for all vector ﬁelds X, Y ∈ Kerη. Eq. (3.13) is a consequence of (2.11), taking into account h˜ = 1t h. Next, we remark that if
{ξ, ei,ϕei} is a ϕ-basis with respect to (η, g), then {ξ˜ , e˜i,ϕe˜i} is a ϕ-basis with respect to (η˜, g˜), where
e˜i = 1√|t|ei, ε˜i = g˜(e˜i, e˜i) =
t
|t|εi,
for all indices i = 1, . . . ,n. Eqs. (3.14) and (3.15) are then proved using (3.7), (3.8) and the symmetries of the curvature
tensor. Using (2.9), Eq. (3.15) becomes
˜(X, Y ) = (X, Y ) − 2ε(t − 1)g(X, Y ) + 2 t − 1
t
g(hX, Y ) + ε t − 1
t
g
(
(∇ξh)ϕX, Y
)
, (3.16)
for all X, Y ∈ Kerη. Eq. (3.11) now follows from (3.13), (3.14) and (3.16), taking into account (∇ξh)ξ = 0 and the fact that
∇ξh is self-adjoint and anticommutes with ϕ .
Finally, Eq. (3.12) follows from (3.13) and (3.15), calculating the trace of ˜ and  with respect to {ξ, ei,ϕei} and
{ξ˜ , e˜i,ϕe˜i} respectively and using trh = 0 and tr	 = −2n + trh2. 
Example 3.5 (Riemannian and Lorentzian Berger’s spheres). Let (S2n+1, g) be the Riemannian unit sphere of constant sectional
curvature 1, ξ the standard Hopf vector ﬁeld on S2n+1 and η the 1-form dual to ξ via g . It is well known that (ϕ,η, g),
where ϕ is obtained from g and η via (2.3), is the standard Sasakian structure on S2n+1. One then considers the canonical
variation gt , with t 	= 0, of the standard metric g , deﬁned by
gt |ξ⊥ = g|ξ⊥ , gt(ξ, ·) = tg(ξ, ·), gt
(
ξ, ξ⊥
)= 0. (3.17)
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Riemannian manifolds (S2n+1, gt), t > 0, are well known in literature under the name of Berger’s spheres [2], and Lorentzian
manifolds (S2n+1, gt), t < 0, are known as Lorentzian Berger’s spheres [12]. Comparing (3.3) with (3.17), we see at once that
gt = g + (t − 1)η ⊗ η and so, gt is nothing but the metric g′ , homothetic to the D-homothetic deformation g˜ of g . Thus,
the Levi-Civita connection and the curvature of (S2n+1, gt) can be deduced from Eq. (3.5) and Theorem 3.4. Formulae are
remarkably simpler for Berger’s spheres, as (S2n+1, η, g) is Sasakian (in particular, h = 0).
3.3. Change of the causal character of the Reeb vector ﬁeld
We shall establish a relationship between pseudo-Riemannian metrics of different signature associated to the same
almost contact structure. Let (ϕ, ξ,η) be an almost contact structure (respectively, a contact structure) on a smooth manifold
M2n+1, and g a compatible (respectively, an associated) pseudo-Riemannian metric, with g(ξ, ξ) = ε. Then, (2.1) and (2.2)
easily imply that the pseudo-Riemannian metric
g¯ = g − 2εη ⊗ η (3.18)
is still compatible with (respectively, associated to) the same almost contact metric structure (ϕ, ξ,η). However, ε¯ =
g¯(ξ, ξ) = −ε. Hence, the change of metric described by Eq. (3.18) transforms a compatible pseudo-Riemannian metric of
signature (2p + 1,2n − 2p) into one of signature (2p,2n − 2p + 1) and conversely. Thus, we have the following.
Proposition 3.6. Let (M2n+1,ϕ, ξ,η) be an almost contact manifold. If g is a compatible metric, with ξ space-like (respectively, time-
like), then g¯ given by (3.18) is a compatible metric with ξ time-like (respectively, space-like). In particular, if (ϕ, ξ,η, g) is a contact
pseudo-metric structure, then (ϕ, ξ,η, g¯) is again a contact pseudo-metric structure.
Proposition 3.6 clariﬁes the structure of the set of pseudo-Riemannian metrics associated to the same almost contact
structure. Moreover, it permits to obtain the following existence result.
Corollary 3.7. Any paracompact almost contact manifold (M2n+1,ϕ, ξ,η) admits a compatible Lorentzian metric.
Proof. It is well known that, since M2n+1 is paracompact, it admits a Riemannian metric g′ . Then,
g(X, Y ) = 1
2
{
g′(X, Y ) + g′(ϕX,ϕY ) + η(X)η(Y )}
is a Riemannian metric compatible with (ϕ,η, g). We then deﬁne g¯ by (3.18) with ε = g(ξ, ξ) = 1. Since g is Riemannian,
g¯ has signature (2n − 1,1) and so, is a Lorentzian metric. By Proposition 3.6, g¯ is compatible with the same contact
structure. 
We explicitly remark that if we take t = −1 in (3.2), then g˜ = −g + 2εη ⊗ η and, by (3.3), g′ = −g˜ = g¯ . Thus, g¯ is
homothetic to the metric obtained by the D-homothetic deformation of g for t = −1. Consequently, the Levi-Civita connection
and curvature of g¯ can be easily deduced from the previous formulae valid for a general D-homothetic deformation. In
particular, h¯ = 12 Lξϕ = h does not depend on the metric. Hence, (M, η, g¯) is K -contact if and only if so is (M, η, g). Moreover,
since g˜ = −g¯ , η˜ = −η, ξ˜ = −ξ and ε¯ = −ε, we get
S¯(X, Y ) = (∇¯Xϕ)Y −
(
g¯(X, Y )ξ − ε¯η(Y )X)= (∇˜Xϕ)Y − (g˜(X, Y )ξ˜ − εη˜(Y )X)= S˜(X, Y ).
Using (3.6) and the characterization proved in Theorem 2.6, we obtain that (M, η, g¯) is Sasakian if and only if so is (M, η, g).
In particular, in dimension three we have the following result.
Theorem 3.8. A three-dimensional K -contact pseudo-metric manifold is Sasakian.
Proof. We ﬁrst remark that, reversing the contact pseudo-metric structure when needed, three-dimensional contact pseudo-
structures reduce to the Riemannian and the Lorentzian ones (with ξ time-like). It is well known that a three-dimensional
K -contact Riemannian manifold is Sasakian (see for example [4]). Suppose now that g is Lorentzian with ξ time-like. The
Riemannian metric g¯ = g + 2η ⊗ η is related to g by (3.18) (with ε = −1) and so, is associated to (ϕ, ξ,η). Since (M, η, g)
is K -contact, (M, η, g¯) is a K -contact Riemannian manifold. But then, (M3, η, g¯) is Sasakian, which implies that (M, η, g)
itself is Sasakian. 
Finally, the following formulae, describing the curvature of g¯ , can be easily deduced from (3.18) and Theorem 3.4, taking
into account K¯ (X, Y ) = −K˜ (X, Y ), ¯ = ˜ and r¯ = −r˜.
Proposition 3.9. Let (M,ϕ, ξ,η, g) be a contact pseudo-metric manifold and g¯ the contact metric described by (3.18).
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K¯ (ξ, X) = −K (ξ, X) + 4 g(hX, X)
g(X, X)
, (3.19)
K¯ (X,ϕX) = K (X,ϕX) + 6ε − 2ε g(hX, X)
2 + g(ϕhX, X)2
g(X, X)2
. (3.20)
b) The Ricci tensor and scalar curvature of g¯ satisfy
¯(ξ, ξ) = (ξ, ξ) = 2n − trh2, (3.21)
¯(ξ, Y ) = (ξ, Y ), (3.22)
¯(X, Y ) = (X, Y ) + 2εg(	X, Y ) + 6εg(X, Y ) + 4g(hX, Y ) − 2εg(h2X, Y ), (3.23)
r¯ = r − 2ε(ξ, ξ) + 8nε, (3.24)
for all X, Y ∈ Kerη.
We can now use the deformation described in (3.18) to prove the following.
Theorem 3.10. On a three-dimensional contact manifold, in terms of local Darboux coordinates (x, y, z), the Reeb vector ﬁeld and the
contact form are respectively given by ξ = 2∂z and η = 12 (dz − y dx), and any Lorentzian associated metric is of the form
gL = 1
4
(a − 2y2 b y
b c 0
y 0 −1
)
, (3.25)
where a, b, c are smooth functions, such that ac − b2 − cy2 = 1. In particular, gL is Sasakian if and only if a, b, c do not depend on z.
Proof. It is well known that ξ = 2∂z and η = 12 (dz − y dx) in local Darboux coordinates (see for example [4]). Moreover, as
proved in [5], any Riemannian associated metric in such coordinates can be expressed in the form
gR = 1
4
( a b −y
b c 0
−y 0 1
)
, (3.26)
for some smooth functions a, b, c satisfying ac − b2 − cy2 = 1, and gR is Sasakian if and only if a, b, c do not depend
on z. Now, (3.25) is nothing but the Lorentzian metric obtained applying (3.18) to (3.26). The conclusion then follows from
Proposition 3.6 and the fact that (η, gR) is Sasakian if and only if so is (η, gL). 
Example 3.11. The standard ﬂat contact Riemannian structure (ϕ, ξ,η, g0) of R3(x, y, z) is determined in Darboux coordi-
nates by the following tensors:
ξ = 2∂z, η = 1
2
(dz − y dx), g0 = 1
4
(1+ y2 + z2 z −y
z 1 0
−y 0 1
)
(3.27)
(see for example [4]). Consider now the Lorentzian metric g0L = g0 − 2η ⊗ η, obtained applying the deformation (3.18) to
the contact Riemannian structure described by (3.27). Then,
g0L = 1
4
(1− y2 + z2 z y
z 1 0
y 0 −1
)
.
It is easy to check, by direct calculation, that the Ricci eigenvalues of g0L are λ1 = λ2 = 0 and λ3 = 8, the Reeb vector ﬁeld ξ
is a Ricci eigenvector for g0L , corresponding to the Ricci eigenvalue 0, and the scalar curvature is given by r0L = 8, according
to formulae (3.21)–(3.24). Clearly, (ϕ, ξ,η, g0L) is not ﬂat any more. In particular, (ϕ, ξ,η, g0L) gives an example of contact
Lorentzian three-manifold, not Sasakian, of constant ϕ-sectional curvature equal to 4. A ﬂat contact Lorentzian structure on
R
3 will be described in Section 5.
If we consider the diffeomorphism
f : R3 → R3, (x, y, z) → (x1, x2, x3) = (z cos x− y sin x,−z sin x− y cos x,−x),
then ( f −1)∗η = η0 and ( f −1)∗g0 = g¯0R , where η0 = 12 (cos x3 dx1 + sin x3 dx2) and g¯0R = 14
∑
i dx
2
i [4]. It is evident that the
contact metric structure (η0, g¯0R) is invariant under the group of translations generated by (xi → xi +2π) and so, it induces
a ﬂat contact metric structure on the torus T 3. Applied to this contact metric structure, the deformation (3.18) then gives
a contact Lorentzian structure on the compact manifold T 3, which is not ﬂat but has constant ϕ-sectional curvature equal
to 4.
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The main purpose of this section is to prove the following fundamental result, which generalizes the classiﬁcation ob-
tained by Olszak in [16].
Theorem 4.1. Let (M2n+1, η, g) be a contact pseudo-metric manifold, n  2. If (M2n+1, g) is of constant sectional curvature k, then
k = ε = g(ξ, ξ) and (M2n+1, η, g) is Sasakian.
Note that Theorem 4.1 and a result of [22] imply at once the following.
Corollary 4.2. For any n 2, the universal coverings of the pseudo-sphere S2n+12s (1) and the pseudo-hyperbolic space H
2n+1
2s−1 (−1) are
the only simply connected Sasakian pseudo-metric manifolds of constant sectional curvature.
In order to prove Theorem 4.1, we ﬁrst need some technical results.
Lemma 4.3. In a contact pseudo-metric manifold (M2n+1, η, g),
(∇Xϕ)Y + (∇ϕXϕ)ϕY = 2g(X, Y )ξ − η(Y )
{
εX + εη(X)ξ + hX}. (4.1)
Proof. If X ′, Y ′ ∈ Kerη, applying (2.4) we get
2g
(
(∇X ′ϕ)Y ′, Z
)= −g([Y ′, Z],ϕX ′)+ g([ϕY ′,ϕ Z],ϕX ′)
− g([ϕY ′, Z], X ′)− g([Y ′,ϕ Z], X ′)+ 2εg(X ′, Y ′)η(Z)
and, in the same way,
2g
(
(∇ϕX ′ϕ)ϕY ′, Z
)= −g([ϕY ′, Z],ϕ2X ′)+ g([ϕ2Y ′,ϕ Z],ϕ2X ′)
− g([ϕ2Y ′, Z],ϕX ′)− g([ϕY ′,ϕ Z],ϕX ′)+ 2εg(ϕX ′,ϕY ′)η(Z).
Summing up the two equations above, since Z is arbitrary, we ﬁnd
(∇X ′ϕ)Y ′ + (∇ϕX ′ϕ)ϕY ′ = 2g
(
X ′, Y ′
)
ξ, (4.2)
for all vector ﬁelds X ′, Y ′ ∈ Kerη. Next, if X , Y are two arbitrary tangent vector ﬁelds, then X = X ′ +η(X)ξ , Y = Y ′ +η(Y )ξ ,
where X ′, Y ′ ∈ Kerη. Thus,
(∇Xϕ)Y = (∇X ′ϕ)Y ′ + η(Y )
{−εX + εη(X)ξ − hX},
which in particular implies
(∇ϕXϕ)ϕY = (∇ϕX ′ϕ)ϕY ′.
Summing up the last two equations and using (4.2), we obtain (4.1). 
Lemma 4.4. Let (M2n+1, η, g) be a contact pseudo-metric manifold and {E1, . . . , E2n+1} an arbitrary local pseudo-orthonormal basis
on M. Then,
tr∇ϕ =
2n+1∑
i=1
εi(∇Eiϕ)Ei = 2nξ, tr(∇ϕ)ϕ =
2n+1∑
i=1
εi(∇Eiϕ)ϕEi = 0. (4.3)
Proof. Since the trace of a tensor does not depend on the particular pseudo-orthonormal basis, it suﬃces to prove Eq. (4.3)
with respect to a ϕ-basis {ξ, e1, . . . , en,ϕe1, . . . , ϕen}. Using (4.1), we have
tr∇ϕ =
n∑
i=1
εi
{
(∇eiϕ)ei + (∇ϕei )ϕei
}= 2 n∑
i=1
εi g(ei, ei)ξ = 2nξ
and
tr(∇ϕ)ϕ =
n∑
i=1
εi
{
(∇eiϕ)ϕei + (∇ϕei )ϕ2ei
}= 2 n∑
i=1
εi g(ei,ϕei)ξ = 0. 
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(∇XΦ)(Y , Z) + (∇YΦ)(Z , X) + (∇ZΦ)(X, Y ) = 0, (4.4)
(∇XΦ)(ϕY , Z) − (∇XΦ)(Y ,ϕ Z) = −η(Y )g(εX + hX,ϕ Z) − η(Z)g(εX + hX,ϕY ), (4.5)
R(ξ, X, Y , Z) = ε(∇XΦ)(Y , Z) + g
(
(∇Yϕh)Z , X
)− g((∇Zϕh)Y , X), (4.6)
(∇XΦ)(ϕY ,ϕ Z) + (∇XΦ)(Y , Z) = η(Y )g(εX + hX, Z) − η(Z)g(εX + hX, Y ), (4.7)
R(ξ, X, Y , Z) − R(ξ, X,ϕY ,ϕ Z) + R(ξ,ϕX, Y ,ϕ Z) + R(ξ,ϕX,ϕY , Z)
= −2(∇hXΦ)(Y , Z) + 2η(Y )g(X + εhX, Z) − 2η(Z)g(X + εhX, Y ). (4.8)
Proof. Since g satisﬁes (2.3), dΦ = 0, from which one gets (4.4) by a straightforward calculation. Eq. (4.5) is obtained
calculating (∇XΦ)(ϕY , Z) − (∇XΦ)(Y ,ϕ Z) in terms of ∇ϕ . To prove (4.6), applying (4.4) one calculates R(Y , Z)ξ =
ε(∇Yϕ)Z − ε(∇Zϕ)Y + (∇Yϕh)Z − (∇Zϕh)Y and then R(ξ, X, Y , Z) = g(R(Y , Z)ξ, X). Writing (4.5) for X, Y , Z and for
X, Y ,ϕ Z and summing up, we get (4.7). Finally, in order to prove (4.8), following the argument developed in [16] for the
Riemannian case, we calculate
A(X, Y , Z) := ε(∇XΦ)(Y , Z) − ε(∇XΦ)(ϕY ,ϕ Z) + ε(∇ϕXΦ)(Y ,ϕ Z) + ε(∇ϕXΦ)(ϕY , Z)
= 2g(X, Z)η(Y ) − 2g(X, Y )η(Z),
B(X, Y , Z) := g(X, (∇Yϕ)hZ)− g(X,h(∇Yϕ)Z)− g(X,hϕ(∇ϕYϕ)Z)
− g(X,ϕ(∇ϕYϕ)hZ)− εη(X)η((∇ϕY h)Z)
= −2g(hX, (∇Yϕ)Z)− 2εη(Z)g(X,hY ) + 2εη(X)g(Y ,hZ) + (ε − 1)g(hY ,hZ).
Then, since
R(ξ, X, Y , Z) − R(ξ, X,ϕY ,ϕ Z) + R(ξ,ϕX, Y ,ϕ Z) + R(ξ,ϕX,ϕY , Z)
= A(X, Y , Z) + B(X, Y , Z) − B(X, Z , Y ),
replacing from equations above one obtains (4.8). 
We now introduce the ∗-Ricci tensor ∗ and the ∗-scalar curvature r∗ of a contact pseudo-metric manifold (M, η, g) by
contracting the curvature tensor by ϕ instead of by the metric. Precisely, we consider
∗(X, Y ) =
2n+1∑
i=1
εi g
(
R(X, Ei)ϕY ,ϕEi
)
and
r∗ = tr∗ =
2n+1∑
i, j=1
ε jεi g
(
R(E j, Ei)ϕE j,ϕEi
)
where {E1, . . . , E2n+1} is a pseudo-orthonormal basis. These notion have their origin in almost Hermitian geometry.
Lemma 4.6. On a contact pseudo-metric manifold (M2n+1, η, g),
r∗ − r + 4n2ε = ε trh2 + 1
2
(‖∇ϕ‖2 − 4nε). (4.9)
Proof. Since r∗ is a trace, we can choose a local pseudo-orthonormal basis {E1, . . . , E2n+1} of vector ﬁelds covariantly
constant in a point p ∈ M . Then, using (4.3), at p we easily ﬁnd
2n+1∑
i, j=1
εiε j g
(
(∇E j∇Eiϕ)Ei,ϕE j
)= −4εn2,
−
2n+1∑
i, j=1
εiε j g
(
(∇Ei∇E jϕ)Ei,ϕE j
)= 2n+1∑
i, j=1
εiε j g
(
(∇Eiϕ)E j, (∇E jϕ)ei
)= 1
2
‖∇ϕ‖2.
Thus, at p we have
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i, j=1
εiε j g
((
R(E j, Ei)ϕ
)
Ei,ϕE j
)= 2n+1∑
i, j=1
εiε j g
(−(∇E j∇Eiϕ)Ei + (∇Ei∇E jϕ)Ei,ϕE j)
= 4εn2 − 1
2
‖∇ϕ‖2.
On the other hand, taking into account (2.11), a direct calculation gives
2n+1∑
i, j=1
εiε j g
((
R(E j, Ei)ϕ
)
Ei,ϕE j
)
= −r∗ + r − ε(ξ, ξ) = −r∗ + r − ε(2n − trh2)
and (4.9) is obtained comparing the last two equations. 
We explicitly remark that if (M2n+1, η, g) is a Sasakian pseudo-metric manifold, then it is K -contact and by (2.8) we
easily ﬁnd ‖∇ϕ‖2 = 4εn and so, by (4.9), r∗ − r+4n2ε = 0. However, contrarily to the Riemannian case, by r∗ − r+4n2ε = 0
we cannot conclude that (M, η, g) is Sasakian.
Proposition 4.7. A contact pseudo-metric manifold (M2n+1, η, g) is K -contact if and only if h2 = 0.
Proof. If (M, η, g) is K -contact, then h = 0 and so, h2 = 0. With regard to the converse, as hξ = 0 and Kerη = ξ⊥ , it suﬃces
to prove that h = 0 on Kerη. Since h is self-adjoint and Kerη is h-invariant, so is its restriction on Kerη. Hence (see for
example [14], p. 261), at each point p ∈ M , Kerηp decomposes into the orthogonal sum of h-invariant subspaces, and on
each of these subspaces
either h =
⎛⎜⎜⎜⎜⎜⎝
λ1 0 0 . . . 0
1 λ2 0 . . . 0
0 1
. . .
... 0
...
. . .
. . .
. . .
...
0 . . . 0 1 λr
⎞⎟⎟⎟⎟⎟⎠ or h =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
a b 0 . . . . . . 0
−b a 0 . . . . . . 0
1 0
. . .
. . .
. . . 0
...
. . .
. . .
. . .
. . .
...
0 . . . 1
. . . a b
0 . . . 0 1 −b a
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (4.10)
with b 	= 0, with respect to a basis {e1, . . . , er} of T pM , such that gp(ei, er+1−i) = ±1, gp(ei, e j) = 0 in all the other cases. We
see at once that the second form for h in (4.10) leads to a contradiction, since b 	= 0 and so, h2e1 = (a2 − b2)e1 − 2abe2 	= 0,
against h2 = 0.
Next, on any h-invariant subspace W where h has the ﬁrst form in (4.10), h2 = 0 implies λi = 0 for all indices i, that is,
h =
⎛⎜⎜⎜⎜⎜⎝
0 0 . . . . . . 0
1 0 . . . . . . 0
0 1
...
. . . 0
...
. . .
. . .
. . .
...
0 . . . 0 1 0
⎞⎟⎟⎟⎟⎟⎠ . (4.11)
Notice that all h-invariant subspaces of Kerη at p, except at most one, are one-dimensional. In fact, suppose that there
exist two h-invariant subspaces W = Span{e1, . . . , er} and W ′ = Span{e′1, . . . , e′q}, mutually orthogonal, of dimension r,q > 1.
Then, gp(ep, ep) = gp(e′q, e′q) = 0, that is, ep, e′q are light-like vectors orthogonal to one another and so, they are parallel [14],
contradicting the fact that the sum of W ,W ′ is direct. Hence, there is at most one h-invariant subspace W of dimension
r  2.
In order to conclude the proof, we show that there is not such a subspace W . Then, by (4.11), Kerηp will admit an
orthogonal basis of eigenvectors of h, for all of which the corresponding eigenvalue is 0 because h2 = 0. Thus, h = 0.
Suppose there exists a h-invariant subspace W of dimension r  2. Then, r = 2. In fact, if r  3, then by (4.11) we
have e3 = he2 = h2e1 = 0, which cannot occur. So, W = Span{e1, e2}, with gp(e1, e2) = ±1, he1 = e2 and he2 = 0. Since
ϕe1,ϕe2 ∈ Kerηp , we have
ϕe1 = a1e1 + a2e2 + Y ,
where a1,a2 are real constants and Y ∈ Kerηp is orthogonal to W and so, hY = 0. We remark that gp(ϕe1, e1) = 0 implies
a2 = 0 and so, ϕe1 = a1e1 + Y . Next, we have −ϕe2 = −ϕhe1 = hϕe1 = a1he1 = a1e2, that is, ϕe2 = −a1e2. Finally, as
e1, e2 ∈ Kerηp , we now get
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that is, a21 = −1, which cannot occur. 
We now proceed with the
Proof of Theorem 4.1. Using the fact that M has constant sectional curvature k, 	X = εkϕ2X , ϕ	ϕX = −εkϕ2X , and from
(2.10) we ﬁnd
h2 = (εk − 1)ϕ2. (4.12)
Moreover, (4.8) now gives
(∇hXΦ)(Y , Z) = (1− εk)η(Y )g(X, Z) − (1− εk)η(Z)g(X, Y )
+ εη(Y )g(hX, Z) − εη(Z)g(hX, Y ). (4.13)
Suppose now that k 	= ε. Then, we write (4.13) replacing X by hX . Taking account h2X = (εk − 1)ϕ2X = (εk − 1)(−X +
η(X)ξ), we get
−(∇XΦ)(Y , Z) + η(X)(∇ξΦ)(Y , Z) = −η(Y )g(εX + hX, Z) + η(Z)g(εX + hX, Y ).
Note that (∇XΦ)(Y , Z) = g(Y , (∇Xϕ)Z). So, (∇ξΦ)(Y , Z) = 0 and the last equation yields
(∇Xϕ)Y = εg(εX + hX, Y )ξ − η(Y )(εX + hX). (4.14)
We then use (4.14) to calculate ‖∇ϕ‖2. By direct calculation, using a (local) orthonormal ϕ-basis {ξ, e1, . . . , en,ϕe1, . . . , ϕen},
we ﬁnd ‖∇ϕ‖2 = 4εn + 2ε trh2. Next, (2.11) implies trh2 = 2n − (ξ, ξ) = 2n − 2εnk and so,
‖∇ϕ‖2 = 8εn − 4nk.
Since M has constant sectional curvature k, we have r = 2n(2n+ 1)k and it is easily seen that r∗ = 2nk. Thus, replacing into
(4.9), we obtain
4(ε − k)(n2 − n)= 0.
But formula above implies k = ε, against our assumption, because n2 − n = 0 contradicts 2n + 1 5. Therefore, k = ε. Then,
by (4.12), h2 = 0 and so, by Proposition 4.7, h = 0. Replacing into (4.14), we obtain
(∇Xϕ)Y = g(X, Y )ξ − εη(Y )X
and so, by Theorem 2.6, (M, η, g) is Sasakian. 
5. Three-dimensional homogeneous contact Lorentzian manifolds
To complete the classiﬁcation of contact pseudo-metric manifolds of constant sectional curvature and to ﬁnd some
relevant non-Sasakian examples, we now turn our attention to the three-dimensional case, where we shall classify all
homogeneous contact pseudo-metric manifolds.
We proved in the previous section that in dimension 2n + 1 5 there are not ﬂat contact pseudo-metric structures. In
the following example, we exhibit a three-dimensional ﬂat contact metric structure.
Example 5.1 (A ﬂat contact Lorentzian structure on R3). On R3(x, y, z), we consider the Lorentzian metric deﬁned by
g = 1
4
dx2 − dy ⊗ dz, that is, (gij) = 14
(1 0 0
0 0 −2
0 −2 0
)
(5.1)
and the 1-form
η = 1
2
(
ex dy + e−x dz).
We easily get
dη = 1
4
( 0 ex −e−x
−ex 0 0
−x
)
(5.2)e 0 0
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η(ξ) = 1 and (dη)(ξ, ·) = 0, is given by
ξ = e−x∂y + ex∂z.
Then, (5.1) implies that g(ξ, ξ) = −1, the contact distribution is spanned by vector ﬁelds
E1 = e−x∂y − ex∂z, E2 = 2∂x
and {ξ, E1, E2} is a pseudo-orthonormal basis for g . Next, we consider the tensor ϕ of type (1,1) deﬁned, with respect to
the basis {∂x, ∂y, ∂z}, by
ϕ =
( 0 ex −e−x
−e−x/2 0 0
ex/2 0 0
)
. (5.3)
From (5.1), (5.2) and (5.3), we get dη = g(·,ϕ) and {ξ, E1, E2} is a ϕ-basis with E2 = ϕE1. Therefore, (η,ϕ, ξ, g) is a contact
Lorentzian structure on R3. Since {ξ, E1, E2} is a pseudo-orthonormal basis and the Lie brackets are given by
[ξ, E1] = 0, [ξ, E2] = 2E1, [E1, E2] = −2ξ, (5.4)
we ﬁnd that the only non-vanishing covariant derivative of the Levi-Civita connection ∇ of (M, g) are
∇E2ξ = −2E1 and ∇E2 E1 = 2ξ.
Thus, the curvature tensor satisﬁes
R(E1, E2) = R(E2, ξ) = R(ξ, E1) = 0
that is, (η, g) is a ﬂat contact Lorentzian structure on R3. Note that ξ is not a Killing vector ﬁeld, as ∇E2ξ = −2E1. Moreover,
from (5.4) we obtain hE1 = E1 and hE2 = −E2.
As we already remarked, reversing the contact pseudo-metric structure when needed, in dimension three we can restrict
to the case when the associated metric is either Riemannian or Lorentzian with ξ time-like. Locally symmetric contact
Riemannian three-spaces were classiﬁed in [6], while the classiﬁcation of the homogeneous ones was obtained by the
second author in [17]. Thus, it suﬃces to consider the case when the associated pseudo-metric g satisﬁes
g(ξ, ξ) = ε = ±1, g|Kerη is a Riemannian metric.
Theorem 5.2. A three-dimensional locally symmetric contact pseudo-metric manifold (M, η, g) is either ﬂat or of constant sectional
curvature k = ε = g(ξ, ξ).
The following result is an immediate consequence of Theorem 5.2 and of a result of [22].
Corollary 5.3. The pseudo-Euclidean space R31 and the universal covering of the pseudo-hyperbolic space H
3
1(−1), are the only three-
dimensional simply connected symmetric contact Lorentzian manifolds.
Note that the pseudo-sphere S32(1), which admits a symmetric contact pseudo-metric structure, is nothing but the
pseudo-hyperbolic space H31(−1) with the reversed structure.
To prove Theorem 5.2, we start from the following. classiﬁcation result.
Theorem 5.4. (See [8].) A three-dimensional Lorentzian locally symmetric space is locally isometric to either
(i) a Lorentzian space form S31 , R
3
1 or H
3
1;
(ii) a direct product R × S21 , R × H21 , S2 × R or H2 × R; or
(iii) a symmetric space admitting a parallel null (that is, light-like) vector ﬁeld.
We will prove that cases (ii), (iii) of Theorem 5.4 only occur when the compatible Lorentzian metric is ﬂat. First of all,
we state the following result, which can be easily obtained from (2.7) and (2.9) and can be proved exactly as its contact
Riemannian analogue [6].
Lemma 5.5. If a contact pseudo-metric manifold is locally symmetric, then ∇ξh = 0.
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R(X, ξ)ξ = −X + η(X)ξ + h2X (5.5)
for any tangent vector X . We now consider the reducible case of Theorem 5.2, proving the following.
Proposition 5.6. If a reducible Lorentzian locally symmetric three-space (M, g) admits a contact pseudo-metric structure, then (M, g)
is ﬂat.
Proof. By Theorem 5.4, (M, g) is locally isometric to the Lorentzian product of a real line with a surface of constant cur-
vature k. Suppose such a space admits a contact pseudo-metric structure (ϕ, ξ,η) associated to its symmetric Lorentzian
metric g . We treat the different cases separately.
a) Products R1 ×M2(k). Although it is time-like, the Reeb vector ﬁeld ξ cannot be everywhere tangent to the unimodular
factor. In fact, in this case a local orthonormal basis {e2, e3 = ϕe2} of M2 spans Kerη and so, the contact condition (2.3)
gives
1 = g(e2, e2) = (dη)(e2,ϕe2) = −1
2
η
([e2, e3])= 0,
which cannot occur. We denote by e3 = ∂∂t the local unit vector ﬁeld tangent to R1, by e1 the unit vector ﬁeld in the
direction of the projection of ξ on M2 and by e2 a local unit vector ﬁeld tangent to M2 and orthogonal to e1. Then, we
have ξ = ae1 + ce3, with a2 − c2 = −1. Moreover, Kerη = Span{e′1, e2}, where we put e′1 = ce1 + ae3. Since the manifold is
reducible, we have at once
R
(
ξ, e′1
)
ξ = 0, R(ξ, e2)ξ = ka2e2.
Eq. (5.5) then yields h2e′1 = e′1 and h2e2 = (1 − ka2)e2. Note that, ϕe′1 = ±e2 and, because of ϕh = hϕ , the eigenvalues of
h on Kerη coincide. So, ka2 = 0. If k 	= 0, then a = 0 and ξ is tangent to R1, which cannot occur. Hence, k = 0 and the
manifold is ﬂat.
b) Products R× M21(k). Since ξ is time-like, it cannot be tangent to the space-like unidimensional factor. So, denoting by
e1 = ∂∂t the local unit vector ﬁeld tangent to R and by w the projection of ξ on M2, we have ξ = e1 + w , with w 	= 0. Since
ξ is time-like but e1 is space-like, w is necessarily time-like. We then proceed as in the previous case, using the fact that
the manifold is reducible to conclude that k = 0 and the manifold is ﬂat. 
With regard to Lorentzian three-spaces admitting a parallel null vector ﬁeld, we prove the following more general result.
Theorem 5.7. If a Lorentzian three-manifold (M, g) with a parallel null vector ﬁeld admits a contact Lorentzian structure (ϕ, ξ,η, g)
satisfying ∇ξh = 0 (in particular, a locally symmetric contact metric structure), then (M, g) is ﬂat.
Proof. A Lorentzian three-manifold (M, g) with a parallel null vector ﬁeld w admits a system of canonical local coordinates
(t, x, y), adapted to a parallel plane ﬁeld in such a way that w = ∂
∂t
and there exists a smooth function f = f (x, y), such
that
g =
(0 0 1
0 ε′ 0
1 0 f
)
, (5.6)
where ε′ = ±1. In the sequel, we shall take ε′ = 1, so that the Lorentzian metric g has signature (+,+,−). A general
description of these manifolds was given in [9]. In particular, as shown in [9], the only non-vanishing covariant derivatives
of the Levi-Civita connection ∇ of (M, g) are
∇∂x∂y =
1
2
fx∂t, ∇∂y∂y =
1
2
f y∂t − 1
2
fx∂x, (5.7)
where we put ∂t = ∂∂t , ∂x = ∂∂x and ∂y = ∂∂y . Next, the only non-vanishing local components of the curvature tensor are
R(∂x, ∂y)∂x = −1
2
fxx∂t, R(∂x, ∂y)∂y = 1
2
fxx∂x. (5.8)
If f = 0, then the metric described by (5.6) is ﬂat. So, from now on we shall restrict to the open subset where f 	= 0. Using
(5.6) (with ε′ = 1), a direct calculation now gives that vector ﬁelds
e1 = 1√| f |∂y, e2 = ∂x, e3 =√| f |∂t − 1√| f |∂y (5.9)
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Let now (ϕ, ξ,η, g) be a contact Lorentzian structure of M satisfying ∇ξh = 0, where g is the metric (5.6). With respect
to {ei} described in (5.9), the Reeb vector ﬁeld is (locally) given by ξ = ae1 + be2 + ce3, for some smooth functions a,b, c
such that a2 + b2 − c2 = −1, and Kerη = Span{E1, E2}, where we put
E1 = − b√
a2 + b2 e1 +
a√
a2 + b2 e2, E2 =
ac√
a2 + b2 e1 +
bc√
a2 + b2 e2 −
√
a2 + b2e3.
Using (5.8) and (5.9), a standard calculation now gives
R(ξ, E1)ξ = fxx
2| f | ·
a2 + b2 − ac√
a2 + b2
{
be1 + (c − a)e2 + be3
}
,
R(ξ, E2)ξ = fxx
2| f | ·
b√
a2 + b2
{
be1 + (c − a)e2 + be3
}
. (5.10)
Using (2.1) and (2.3), it is easily seen that {E1,ϕE1 = ±E2} is a ϕ-basis of Kerη. Moreover, being h self-adjoint, its
restriction to Kerη with respect to {E1, E2} has the general form hE1 = a11E1 − a12E2,hE2 = a12E1 − a11E2, for some
smooth functions a11,a12. Hence, h2Ei = (a211 + a212)Ei , which, used into (5.5), in particular gives
g
(
R(ξ, E1)ξ, E2
)= g(R(ξ, E2)ξ, E1)= 0. (5.11)
Applying (5.11) to (5.10), we then ﬁnd
fxx
2| f | · b
(
a2 + b2 − ac)= 0.
If fxx = 0, then (M, g) is ﬂat by (5.8). On the other hand, if fxx 	= 0 at some point p, we necessarily have either b = 0 or
a2 + b2 − ac = 0 at p. We will show that both conditions lead to a contradiction.
Suppose ﬁrst that b = 0 at p. Then, using (5.10) into (5.5), we easily ﬁnd(
h2E1
)
p =
(
1− fxx
2| f | · (c − a)
2
)
E1p,
(
h2E2
)
p = E2p .
Hence, fxx · (c − a)2 = 0 and so, a = c at p. But then, ξp = a(e1 + e3)p is a light-like vector ﬁeld, which cannot occur. In the
same way, if a2 + b2 − ac = 0 at p, then(
h2E1
)
p = E1p,
(
h2E2
)
p =
(
1− fxx
2| f | ·
b2√
a2 + b2
)
E2p .
Thus, b = a(a − c) = 0 at p. But b = a − c = 0 contradicts the fact that ξp is time-like, while a = b = 0 yields E1 = 0, which
cannot occur. 
We can now proceed with the
Proof of Theorem 5.2. Let (M3, η, g) be a three-dimensional locally symmetric contact pseudo-metric manifold. If ε = 1,
g is a Riemannian metric and by [6], we get that (M3, g) has constant sectional curvature either k = 0 or k = 1. Now,
we suppose ε = −1, that is, (M3, η, g) is a locally symmetric contact Lorentzian manifold. Then, Theorems 5.4 and 5.7
and Proposition 5.6 yield that (M3, g) has constant sectional curvature k. Since Kerη is space-like, h is self-adjoint and
hϕ = −ϕh, there exists a ϕ-basis {e,ϕe} of Kerη, such that he = λe, hϕe = −λϕe. Applying Eq. (5.5) to e, we get k = (λ2−1)
and λ is a real constant. Using (2.7), we easily obtain η(∇ϕee) = −(1+ λ) and η(∇eϕe) = (1− λ) and so,
∇ϕee = −(1+ λ)ξ + αϕe, ∇eϕe = (1− λ)ξ + βe,
for some smooth functions α,β . Consequently, we also have
∇ee = −βϕe, ∇ϕeϕe = −αe.
We can now calculate R(e,ϕe)e = kϕe = (λ2 − 1)ϕe using formulae above and so, we ﬁnd(
λ2 − 1)ϕe = −∇e∇ϕee + ∇ϕe∇ee + ∇[e,ϕe]e
= 2αλξ + [−(λ2 − 1)− e(α) − (ϕe)(β) − α2 − β2 + 2g(∇ξ e,ϕe)]ϕe. (5.12)
From (5.12), we get αλ = 0. Hence, either λ = 0 or α = 0. If λ = 0 (that is, in the Sasakian case), then k = −1 and the
conclusion holds. Thus, from now on we assume λ 	= 0. So, α = 0. By the same argument, calculating R(ϕe, e)ϕe, we also
ﬁnd β = 0. Eq. (5.12) now easily yields
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(
λ2 − 1)ϕe,
which, by ∇ξϕ = 0 and (2.7), also gives ∇ξ ϕe = (1− λ2)e and [ξ, e] = (λ2 + λ − 2)ϕe. Then, using the formulae expressing
∇ξ e, ∇ξ ϕe and [ξ, e], we can compute (λ2 − 1)e = R(e, ξ)ξ = ∇ξ∇e ξ + ∇[e,ξ ] ξ and we obtain(
λ2 − 1)e = (1− λ)(1− λ2)e − (1+ λ)(λ2 + λ − 2)e,
which gives at once λ2 − 1= 0. Therefore, k = 0 and this ends the proof. 
We now consider homogeneous contact Lorentzian three-manifolds. Similarly to the Riemannian case, a contact manifold
(M, η) is said to be homogeneous if there exists a connected Lie group G of diffeomorphisms acting transitively on M and
leaving η invariant. If a pseudo-Riemannian metric g satisﬁes (2.3) and G is a group of isometries, then (M, η, g) is said to
be a homogeneous contact pseudo-metric manifold.
Let (M, η, gL, ξ,ϕ) be a simply connected homogeneous contact Lorentzian three-manifold, with ξ time-like, and con-
sider the Riemannian metric g determined by gL and η via (3.18), that is, g = gL +2η⊗η. Since both gL and η are invariant
under the action of the group G , so is the contact Riemannian structure (η, g, ξ,ϕ) on M . Therefore, three-dimensional ho-
mogeneous contact Lorentzian structures are in a one-to-one correspondence with the Riemannian ones via (3.18). For this
reason, we start from the classiﬁcation of three-dimensional homogeneous contact Riemannian structures.
The second author proved in [17] that if (M, η, g) is a simply connected three-dimensional homogeneous contact Rie-
mannian manifold, then M = G is a Lie group and the contact metric structure (η, g, ξ,ϕ) is left-invariant. In turn, this
implies at once that (η, gL, ξ,ϕ) is also left-invariant. Next, the classiﬁcation obtained in [17] (see also [18]) can be re-
stated in the following form, using the scalar curvature r and the torsion invariant ‖τ‖ = 2√trh2 introduced by Chern and
Hamilton in [10].
• Sasakian case (τ = 0).
(1) If G is unimodular, then it is (a) the Heisenberg group H3 when r = −2; (b) the 3-sphere group SU(2) when r > −2;
(c) the group S˜L(2, R) when r < −2.
(2) If G is non-unimodular, its Lie algebra is given by [e1, e2] = αe2 +2ξ , [e1, ξ ] = [e2, ξ ] = 0, where α 	= 0. In this case,
r = −2α2 − 2< −2.
• Non-Sasakian case (‖τ‖ 	= 0 is a constant).
(1) If G is unimodular, then it is (a) SU(2) when r > −2(1− ‖τ‖
2
√
2
)2; (b) the group E˜(2) (universal covering of the
group of rigid motions of Euclidean 2-space) when r = −2(1− ‖τ‖
2
√
2
)2; (c) S˜L(2, R) when −2(1+ ‖τ‖
2
√
2
)2 	= r <
−2(1− ‖τ‖
2
√
2
)2; (d) the group E(1,1) (of rigid motions of Minkowski 2-space) when r = −2(1+ ‖τ‖
2
√
2
)2.
(2) If G is non-unimodular, its Lie algebra is given by [e1, e2] = αe2 + 2ξ , [e1, ξ ] = γ e2, [e2, ξ ] = 0, where α 	= 0. In this
case, r < −2(1− ‖τ‖
2
√
2
)2.
As we proved in Section 3.3, (η, g) is Sasakian if and only if so is (η, gL). Moreover, (3.24) implies that the scalar
curvatures r and rL of g and gL respectively are related by
rL = r + 4+ 2 trh2 = r + 4+ ‖τ‖
2
2
. (5.13)
By (5.13), in the Sasakian case we get that r = −2 if and only if rL = 2, while in the non-Sasakian case we have
r > −2
(
1− ‖τ‖
2
√
2
)2
⇐⇒ rL > +2
(
1+ ‖τ‖
2
√
2
)2
and
r 	= −2
(
1+ ‖τ‖
2
√
2
)2
⇐⇒ rL 	= +2
(
1− ‖τ‖
2
√
2
)2
.
Thus, the classiﬁcation above leads at once to the following.
Theorem 5.8. There is a one-to-one correspondence between homogeneous contact Riemannian three-manifolds and homogeneous
contact Lorentzian three-manifolds. A simply connected homogeneous contact Lorentzian three-manifold is a Lie group G equipped
with a left-invariant contact Lorentzian structure (ϕ, ξ,η, gL). More precisely, one of the following cases occurs:
• Sasakian case (τ = 0).
(1) If G is unimodular, then it is
(i) the Heisenberg group H3 when rL = +2;
(ii) the 3-sphere group SU(2) when rL > +2;
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(2) If G is non-unimodular, then its Lie algebra is given by
[e1, e2] = αe2 + 2ξ, [e1, ξ ] = [e2, ξ ] = 0,
where α 	= 0. In this case, rL = −2α2 + 2< 2.
• Non-Sasakian case (‖τ‖ 	= 0 is a constant).
(1) If G is unimodular, then it is
(i) SU(2) when rL > 2(1+ ‖τ‖2√2 )2;
(ii) E˜(2) when rL = 2(1+ ‖τ‖2√2 )2;
(iii) S˜L(2, R) when 2(1− ‖τ‖
2
√
2
)2 	= rL < 2(1+ ‖τ‖2√2 )2;
(iv) E(1,1) when rL = 2(1− ‖τ‖2√2 )2 .
(2) If G is non-unimodular, then its Lie algebra is given by
[e1, e2] = αe2 + 2ξ, [e1, ξ ] = γ e2, [e2, ξ ] = 0,
where α 	= 0. In this case, rL < 2(1+ ‖τ‖2√2 )2 .
The classiﬁcation given in Theorem 5.8 yields at once the following.
Corollary 5.9. The three-sphere group SU(2) is the only simply connected three-manifold which admits a homogeneous contact
Lorentzian metric with scalar curvature rL > 2(1+ ‖τ‖2√2 )2 .
Next, Example 5.1 describes explicitly a ﬂat left-invariant contact Lorentzian structure, which, by (5.4), corresponds to
the Lie group E(1,1). Three-dimensional Lie groups admitting a ﬂat left-invariant Lorentzian metric were classiﬁed by the
second author in [7] (see also [15,19]). Comparing such classiﬁcation with Theorem 5.8, we get the following.
Corollary 5.10. The Lie group E(1,1) is the only simply connected three-manifold which admits a ﬂat homogeneous contact Lorentzian
metric.
Note that, correspondingly, Theorem 3.1 of [17] yields that the universal covering of the Lie group E(2) is the only simply
connected three-manifold which admits a ﬂat homogeneous contact Riemannian metric.
Remark 5.11.
(a) We now describe explicitly left-invariant contact Lorentzian structures on three-dimensional Lie groups G . If G is uni-
modular, its Lie algebra g admits a basis {e1, e2, e3}, such that
[e2, e3] = λ1e1, [e3, e1] = λ2e2, [e1, e2] = λ3e3, (5.14)
for some real constants λ1, λ2λ3. We deﬁne a left-invariant Lorentzian metric g on G putting g(ei, e j) = 0 if i 	= j and
g(e1, e1) = g(e2, e2) = −g(e3, e3) = 1. Denote by {θ1, θ2, θ3} the dual basis of {e1, e2, e3}. Assuming λ3 = 2, we get(
dθ3
)
(e1, e2) = −
(
dθ3
)
(e1, e2) = −1,
(
dθ3
)
(ei, e j) = 0 otherwise.
So, η := θ3 is a contact form, with Reeb vector ﬁeld ξ = e3. We then deﬁne ϕ , with respect to the basis {ξ, e1, e2}, by
the matrix(0 0 0
0 0 −1
0 1 0
)
(5.15)
and we obtain dη = g(·,ϕ). Thus, the Lorentzian metric g is associated to η and (η, g) is a left-invariant contact
Lorentzian structure on G .
If G is non-unimodular, its Lie algebra g admits a basis {e1, e2, e3}, such that
[e1, e2] = αe2 + βe3, [e1, e3] = γ e2 + δe3, [e2, e3] = 0,
where α, β , γ , δ are real constants satisfying α + δ = 2, we choose α = β = 2 and δ = 0. Like before, we deﬁne a
left-invariant Lorentzian metric g on G , assuming g(ei, e j) = 0 if i 	= j and g(e1, e1) = g(e2, e2) = −g(e3, e3) = 1. If
{θ1, θ2, θ3} is the basis dual to {e1, e2, e3}, by a direct calculation one obtains
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dθ3
)
(e1, e2) = −
(
dθ3
)
(e2, e1) = −1,
(
dθ3
)
(ei, e j) = 0 otherwise.
Hence, η := θ3 is a contact form and ξ = e3 is the Reeb vector ﬁeld. With respect to the basis {ξ, e1, e2}, we deﬁne
ϕ by the matrix (5.15) and we get dη = g(·,ϕ). Therefore, g is associated to η and (η, g) is a left-invariant contact
Lorentzian structure on G .
(b) Note that symmetric contact Lorentzian three-spaces are also included in the classiﬁcation given in Theorem 5.8. In fact,
by Theorem 5.2, such a space is either ﬂat or of constant sectional curvature k = −1. The Lie group E(1,1) admits a ﬂat
left-invariant contact Lorentzian structure, which we described in Example 5.1. We now exhibit a left-invariant contact
Lorentzian structure of constant sectional curvature k = −1 on SL(2,R). On this Lie group, we deﬁne a left-invariant
metric by
g(X, Y ) = 1
2
tr XY , ∀X, Y ∈ sl(2,R). (5.16)
It is easily seen that, with respect to g , matrices
E1 =
(
1 0
0 −1
)
E2 =
(
0 1
1 0
)
, E3 =
(
0 1
−1 0
)
,
form a pseudo-orthonormal basis of the Lie algebra sl(2,R), with E3 time-like. Hence, g is Lorentzian. Moreover, we
have
[E2, E3] = −2E1, [E3, E1] = −2E2, [E1, E2] = 2E3.
We now put ξ = E3 and η = g(ξ, ·). Point (a) above yields that (η, g) is a contact Lorentzian structure on the Lie group
SL(2,R). Moreover, it is well known that the left-invariant Lorentzian metric g deﬁned by (5.16) has constant sectional
curvature −1. On the other hand, as remarked in [15], the mapping
(x1, x2, x3, x4) →
(
x1 + x3 x4 − x2
x2 + x4 x1 − x3
)
gives a one-to-one correspondence between H31(−1) and SL(2,R), under which the canonical Lorentzian metric on
H
3
1(−1) corresponds to the left-invariant Lorentzian metric g on SL(2,R).
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